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Market Demand Function

* The market demand function for a product is
derived from the horizontal summation of
iIndividual direct demand functions.

* For example, there are 3 individual (or consumer)
direct demand functions in the market:

= Consumer 1: q, = f(P).

= Consumer 2: q, = f(P).

= Consumer 3: g, = f(P).

A direct market demand function, Qp:

Qp = d;+ Oyt Q5. (1)



Example 1

« Suppose that the total market demand for a product
consists of the demands from consumer 1 and consumer 2.

« The demand equations of the two consumers are given as
follows:

q, =f(P)=20-2P
q, =f(P)=40-5P
What is the market demand equation for this product?
* The direct market demand equation is
Qp = q, + g, = (20+40) — (2+5)P = 60 — 7P.



Example 2

« Suppose that the total market demand for a product consists of
three consumer demands.

» The inverse demand equations of three consumers are given by
the following equations:

= Consumer 1: P =10 -4q;.
= Consumer 2: P= 5 -2qQ,.

= Consumer 3: P= 2 -qQs.

Question: What is the market demand equation for this
product?

Answer: Qp =7 —1.75P.



Market Demand Function

The relationship between the quantity demanded (Qy) and all variables that
determine demand. Q, = f (Price of good X, Non-price determinants)

The estimated direct market demand function:

Qx = by + by P& + byIP + b3PY + byP? +bsA® +bg Pop® (2)

where by, by, b,, bs, by, b and by are coefficient parameters; Q, = quantity demanded for
good X; Py = price of good X; I = consumers’ income; Py, = price of good Y;
P = future expected price; A = Advertising; and Pop = population.

(o, B,Y, 6, 6, k) = Exponents of determinants of market demand.

(Py, I, Py, Pg, A, Pop) = Independent variables = Determinants of Q..

____________________________________________________________________________

/ Estimated of the change in Qy with respect to a
Coefficient Parameters . one-unit change in determinant of demand.

____________________________________________________________________________

—

____________________________________________________________________________

\ Marginal value of Q, with respect to
' determinant of demand (see Math Review).

____________________________________________________________________________



Coefficient Parameters and Calculus

A direct market demand function:
Qx = by + by P¢ + byIP + b3P) + b,PE +bsA® +bg PopX

Coefficient | Marginal value of Q, with | Partial derivative of Q, with
Parameter respect to respect to the Determinant
9Q
(holding the other factors constant) 0Px
9,
b2 ] b2 = 9Qx >0
(holding the other factors constant) a1
b, =X < 0
291
9Q
b3 PY 3 — _X > O
(holding the other factors constant) 0Py
aQX O
3= =
Py
9Q
(holding the other factors constant) OPg
d
(holding the other factors constant) 0A
b, POP be = 2% 5
(holding the other factors constant) dPOP




Example 3

The market demand for gasoline (Q2), measured in millions of gallons, is given by
Q2 =10-2P; + 0.11 + 4P,

where Pg is the current price of gasoline per gallon (measured in dollars), | is average
consumer income (measured in thousands of dollars), Pg is tomorrow’s price of gasoline per
gallon (measured in dollars).

a)  Determine marginal value of Q@ with respect to each variable.

Solution:

D
Marginal value of QP with respect to P = Z% = —2. (holding other variables constant)
G
 Itindicates that a $1 increase in the current price of gasoline (Pg) will cause a 2-million
gallon decrease in the market demand for gasoline.

D
Marginal value of QP with respect to | = a% = 40.1. (holding other variables constant)

« Itindicates that a $1-thousand increase in average consumer income (I) will cause a 0.1-
million gallon increase in the market demand of gasoline.
D
Marginal value of Q@ with respect to Pg = % = +4. (holding other variables constant)
E
« Itindicates that a $1 increase in the future price of gasoline (Pg) will cause a 4-million
gallon increase in the market demand of gasoline.



b) Derive the market demand equation, holding non-price determinants constant.
Assume that | = 60 and Pg = 1.

Solution: “Holding non-price determinants constant” means substituting I and Pg into the market
demand function.

Q]()} =10 - ZPG+ 01(60) + 4(1) =10 — 2PG+ 6+ 4.
Q2 =20-2P; —» The direct market demand equation

12*PG

c) Draw the demand curve of gasoline. o L TP = TDemand for gasoline

(The demand curve moves to the right)

Solution: to draw the demand curve,
we use the inverse demand equation, P = f(Q).

| Pg=10-05Q2 —*

The inverse demand equation for gasoline
is P = 10— 0.5QQ. o 4

T T T = 1+ D
o E 10 15 =0 =5 QG
=

d) Suppose that a new report shows that the price of gasoline is going up to $1.50 at midnight.
What is the new market demand equation after increase in the gas price?

- *— Pg=11-05QP

Solution:

New direct market demand equation: QP = 10 — 2P+ 0.1(60) + 4(1.5) = 10 — 2P+ 6 + 6.
QYD =22 -2P,..

New inverse market demand equation:
Ps =11-0.5Q¢P



Managerial Question

* From the time Apple launched iTunes in mid-2003 through
early 2009, it charged 99 cents for each song.

* Music producers/singers wanted Apple to charge more.
Question: Should iTunes increase or decrease the price?
* The question is quite iImportant in the business world.
AP = ATR — Am,
where TR=PQ,anda=TR -TC.

* |t can be answered the question by the measurement of
elasticity.

« Elasticity is the most common measure of the sensitivity of
the demand function to changes in any of its
determinants.
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Measurement of Elasticity

Definition: Elasticity (denoted by n, the Greek letter “eta”) is a measure of the sensitivity
of one variable (Y) to changes in another variable (X). To calculate elasticity (n), there are
3 formulas as follows:

1. The specific equation is not given. The units of Y and X are given as a percentage.
_ % ChangeinY %AY (3)
~ 9% Changein X %AX’

n

2. The specific equation is not given. Two different points of Y and X are given,
Y1, Y?, XL, X2, AY

C%AY  (YI+YZH/2 AY(XT4+XE)  (YEZ-YH X+ XP) (4)
MT=9ax ™" AX  ~AX(YI+Y2) (X2 —XD)(Y!+Y2)
XT + X2)/2

« Equation (4) is called as midpoint elasticity or arc elasticity.

3. The specific equation is given, Y = f(X). One points of Y %r‘w{d X are given.
Percentage change in the dependent variable ~ %AY vy AYX dYX

N Percentage change in the independent variable T %AX AX TAXY dXY’ ()
X

n

« Equation (5) is called as point elasticity.

* As the change in X becomes very small, AX — 0; the ratio AY/AX converges to the
derivative of Y with respect to X (dY/dX).

11



The elasticity for Y = f(X) i1s defined as:

_ % ChangeinY %AY
~ 9% Changein X %AX’

n

The demand elasticities for Q, = f(Py, Py, I, A) Is defined as:

Elasticities of Demand Y Formula
1. Own-price elasticity of demand (ny) Qx | Px =
2. Cross-price elasticity of demand (myy) | Qx | Py My = 53
3. Income elasticity of demand (n,) Qx| | mi=
4. Advertising elasticity of demand (n,) | Qx | A M=




1. Own-Price Elasticity of Demand (ny)
(or Price Elasticity of Demand)

The price elasticity of demand, n,, measures the sensitivity of demand of
good X to changes in the price of good X.

By definition, My is defined to be the percent change in quantity demanded of
good X (Qy) divided to the percent change in price of good X (Py).

_ %AQx

= _ 6

Nx YA Py (6)

The midpoint price elasticity of demand, given Q%, Q%, Py, PZ.

AQx
~%AQx  (QI+Q2%)/2 AQx(Pi+P2) (Qi—-Q) (Px +PY)  (7)
T %A, T APy AP (QI+Q3) (PZ-P)) (Ql+Qd)
(P{ +Pg)/2
The point price elasticity of demand, given Q, = f(Py).

_ dQx Px (8)

Mx = dPx Qx

13



Example 4

The quantity of new cars increases by 10 percent. If the price
elasticity of demand for new cars is -1.25, the price of new cars
will fall by

Answer: 8 percent



Example 5

In the first week after Apple’s 1Tunes raised the price on 1ts most
popular songs from 99 cents to $1.29, the quantity demanded of
Doja Cat’s “Say So” fell to 58,000 units from the 60,000 units
sold in the previous week. What is the price elasticity of
demand for “Say So0”?

_ %AQx _ (Q% — Q%) (P +PY)
T %aR T (P - B (Q% +Q3)

_ (58,000-60,000)  (0.99+1.29) _ —2000 2.28
~ (1.29-0.99) (60,000+58,000) 0.3 118,000

= —0.13.

Nx

15



Example 6

The demand for a productis Q =9 -0.7P + 2I.
Assume that per capita income | is $13. When the price of a
product is P = $30, the price elasticity of demand is

Answer: -1.5



Properties of Own-Price Elasticity of Demand

1. Own-price elasticity of demand is a negative number; — o <1y <0.

= — o<1y <-1 indicates that the demand is price elastic, possibly because a
good has many close substitutes.

= A change in price causes a larger percentage change in quantity
demanded.

= The elastic demand is highly responsive, or sensitive, to changes in the
price.

= -1<mny <0 indicates that the demand is price inelastic because a good has
few close substitutes.

= A change in price causes a smaller percentage change in quantity
demanded.

= Gasoline is a good example because most people need it. When the prices
of gasoline go up, consumers still buy it. The demand for gasoline does
not change greatly.



Two extreme cases:

1. nx = 0 indicates that a good is perfectly inelastic demand.

2. My = -oo indicates that a good is perfectly elastic demand.

A change in its price (P) will cause no change
in the quantity demanded (Q).

The quantity demanded is independent of price.

Example: Lifesaving drugs.

The quantity demanded is very sensitive to price.PX

Any increase in the price will cause demand
to fall to zero.

Example: any homogenous product with
many close substitutes, e.g., coffee beans, potatoes.

18
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2. Given a linear demand curve, ny Is not constant along
the curve. ny Increases in absolute value as price rises,
approaching negative infinity as quantity approaches zero.

Px Direct demand function:
Qy =8-2P,.
_ Inverse demand
Ny = -0 (perfectly elastic) function:
/\ :
4 Elastic (-0 <ny <-1) Py =4 - (1/2)Qx.

= -1 (unit-elastic)

2 |————m === \ Inelastic (-1<ny<0)
= 0 (perfectly inelastic

Qx
8 19

0 7

A linear demand curve: Py = 4 — (1/2)Qx.

DN ———



Example 7. Point elasticity
Given Qx =1000 - 5Px + 0.11 + 10P, — 2P

where Qx = Quantity demanded for inkjet printers; Price of a printer (Px) = $80,
Income (I) = $20,000; Price of good A (P,) = 3$50; Price of good B (Pg) = $150.

1. Derive the direct demand equation Qx = f(P), holding the non-price

determinants constant. Py
Qx = 1000 — 5Px + 0.1($20,000) + 10($50) — 2($150) ] Demand curve:
Qx = 1000 — 5Px + 2200 N Px = 640-0.20x
Qx = 3200 - 5Px.

2. At what prices, if any, will the demand o

for computers be of unitary elasticity
(8., nx = -1)? (Py = $320)

3. What is the price elasticity of demand
If price equals $520? (At Py = $520, ny = -4.3)

300

200

Qx
4. What is the price elasticity of demand if price equals $807?
(At Py = $80, ny =-0.14)

0
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3. Given a power demand function: Qx = APy ?, 9)
where A and B > 0. ny = -B everywhere on the demand curve.

Py So, the power demand
j - - = - =
function is called iso-elastic
A power demand curve: (constant elasticity).
4
Py = 1/Qy.
e For example, suppose that A=B =1,
] Ny = -B = -1 constant Qx = Pl — P)zl_ (10)
X
all along the power _ doxPx (_1)p=2 Py
;- demand curve. X = 3p, 0y X poT
nx = —1
1 Note that: A power demand function is also
__ called a Cobb-Douglas demand function.
1 | | | . A Cobb-Douglas function (for 2 independent

. 03 : L2 2 variables) takes the form of
Y = AX3Xb , where A, a, and b are constant.



Example 8
Power & Linear Demand Functions

1. Power demand equation: Q, = 2P *.

dQyx P P
Nx = S _ (—4)2Pg° —

dPyx Qx 2P * B
« S0, ny of the power demand equation is constant.

2. Linear demand equation: Qy, = 2 — 4P,,.

dQy P p
X = oo = (o
dPx Qx Qx
Px

* S0, nyx of the linear demand equation depends on —=.
X

« The different values of P, and Q, will have the different values of
Nx-



Effect of Price Elasticity on the
Firm’s Total Revenue



Total Revenue and Price Elasticity

» Total Revenue: TR = P xQ,,. (11)

* When managers change the price of a product, TR
also changes.

« Managers need to decide whether a price change will
increase the firm’s total revenue. The decision
depends on the price elasticity of demand.



Demand, Price Elasticity, and Total Revenue

Pa : : .
e When demand is elastic (n < -1), a decrease in
col V7~ price from $80 to $70 will increase total revenue
o (P ->TTR).
Pi= % AtP, = $80, TR, = P,Q, = 80*20 = $1600.
L0
50 y= -1 When demand is inelastic ( -1 <n <0),
" a decrease in price from $20 to $10 will
N decrease total revenue (3P = TR).
P, = 10 At P, = $20, TR, = P;Q, = 20*80 = $1600.
P2 10 ] AtP, = $10, TR, = P,Q, = 10%90 = $900.
v, =0
0 0 Jo ad 40 so L0 I 0 4o 177 ‘
— —> &um\ﬁ»}

Qi Q, Q; Q4
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Relationship between Price Elasticity (ny) and
Total Revenue (TR)

* When demand is elastic (ny < -1), price and total
revenue move in opposite direction.
= 1Px > JTR.
= {Px —> 1TR.

A negative relationship between P, and TR.

* When demand is inelastic (-1 <ny < 0), price and
total revenue move In the same direction.

= 1Px — 1TR.
= IPx > | TR.

A positive relationship between P, and TR.

Note that calculus proof of the relationship between TR and ny is in Math Review,
Slide#53, Appendix A.
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Price Elasticity, Total Revenue, and
Marginal Revenue

* TR = the total amount of money consumers spend on the
product in a given time period.

« Marginal Revenue (MR): MR is the change in total revenue
for a unit change in quantity demanded.

MR =dTR/dQ (derivative of TR with respect to Qy).

MR = Slope of total revenue curve.

Example 9: A direct demand equation: Q, = 600 — 100P,
An inverse demand equation: Py, = 6 — 0.01Q

" TR=PxQx=(6-0.01Q,)Qx = 6Qx—0.01Qy".

* MR =dTR/dQ, =6 -0.02Q.



Relationship between Py, ny, MR, and TR

Price (Py)
1y = -0)
e

(Mx <-1)

(Mx

Demand Curve’

Figure A

=-1) = TR is at its maximum.

((1<ny<0)

1 —_
Py =6-0.01 (M =0)
] T T - T Qx T r*(
100 200 <00 S00 aldl
-1 l Quantity demanded (Qy)
Total Revenue (TR
- ™ Max'TR
o0 . Slope of TR=MR =0
=00 —_
7H0 Figure B
a0
00 —_
400 —_
200 ] (Mx <-1) (0>mny>-1)
i Elastic demand Inelastic demand
200
1/ AsPd, TRT, AsP b, TRY,
100 7 i.e., MR >0. i.e., MR <0. TR
”2 Two a0 aw | s enp
Pyx=6 3<Py<6 Py=3 0<Py<3 Px=0

i The direct demand e

Q, =600 — 100P,,

P, = 6 —0.01Q,

The total revenue equation:

TR = 6Qy — 0.01Q,2

MR = 6—0.02Q,

quation:

The inverse demand equation:

The marginal revenue equation:

—_—_ e —

For0<Py<3,-1<myx<0.

. Quantity demanded (Qy)

28



Marginal Revenue and Price Elasticity

* MR varies along a demand curve for different quantities and
prices.

 Since MR depends on the slope of the demand curve and so
does elasticity, it turns out that one can write MR for any point
on the demand curve as a function of the price and the price
elasticity at that point on the demand curve.

1
MR = Py (1 - —> (12)
Nx

« Example 10: If price is $25 when the price elasticity of
demand is —0.5, then marginal revenue must be:

1
MR = $25 (1 -+ (_0.5)> = —25.

Note that calculus proof of the relationship between MR and my is in Math Review,
Slide#54, Appendix A.




Profit-maximizing Price and Price Elasticity

The profit maximization condition (see marginal analysis in Math
Review):

MR = MC.
Using Equation (12), the profit-maximizing condition is
1
Py (1 + —) = MC.
Nx
The profit-maximizing price is
MC (13)
BV
(1+35)
Example 11: A monopoly incurs a marginal cost of $1 for each unit

produced. If the price elasticity of demand equals -2.0, calculate the
profit-maximizing price (Py).

Py =




2. Cross-price Elasticity of Demand (nyy)

= The cross-price elasticity of demand, ny, measures the sensitivity
of demand to changes in the prices of the other product.

= By definition, ny. Is defined to be the percent change in quantity
demanded of good X (Q) divided to the percent change in a price
of good Y (P.).

— A% (14)
= The midpoint cross-price elasticity of demand, given Qx, Qz, Py,
PZ.
AQx
_(Qk+0Q%)/2 _ (Qx—Qx) (Py +Py)
o APy (P§ —P}) (Q} +Q}) (15)

(Py + P¢)/2
= The point cross-price elasticity of demand,
given Qy = f(Py, Py).

ey = 2Py (16
XY 0Py Qx



Cross-price elasticity of demand

Nxy = 9%x Py 16
XY Py Qy (16)
- 9Qx
Sign of n., depends on :
oPy
= |f % > 0, nyy > 0. That means the two products are substitutes.
y

Example: Wheat and corn, tea and coffee, Xbox and Nintendo Switch

0
If 2
aP,

<0, nyy < 0. That means the two products are complements.

Example: Computers and computer software, tablets and applications

.o 2% - 0, = 0. That means the two products are independent.
oP, Mxy P

Example: Butter and airline ticket.
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Example 12:
Cross-price point elasticity of demand

Given: Q, = 1000 — 0.2P, + 0.5P,, + 0.04,
Let Qy =100 units and P, = $20.

Calculate cross-price elasticity (nyy)

dQx Py _ 20
Nxy = 9Py Ox = 0. 5 100 = 0.1.

Since nyy Is positive, Goods X and Y are substitutes.



3. Income Elasticity of Demand (n,)

= The income elasticity of demand, n,, measures the sensitivity of
demand to changes in buyers’ incomes.

= By definition, n, is defined to be the percent change in quantity
demanded of good X (Q) divided to the percent change in income (I).

_ %A (17)
N = %Al
= The midpoint income elasticity of demand, given Qx, Q%, I, I2.
AQx
_(QF+QH/2  (Qx—Qp (' +1?) (18)
Y\ I (C DI C YT 5%
(11 +12)/2

= The point income elasticity of demand, given Q = f(Py, ).

_9Q9x T (19)
nl _ al QX'

= Note that income can be defined as aggregate consumer income or as per capita income.
34



Income Elasticity of Demand

%AQx 9Qx I (19)

M= "9Al T oI Qy

* Income elasticity of demand depends on the sign of a% .

- 1 2 >O11,>O

= A normal good Is one for which an increase in income
leads to an increase in demand.

- 1 2 <O11,<O

« An inferior good is one for which an increase in
Income leads to a decrease in demand.
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Example 13:
Income elasticity of demand

Given: Qy = 1000 — 0.2P,, + 0.5P,, + 0.04l,

Let Q, = 2000, Py, =500, and | = 10000.
Calculate income elasticity

Qx|

10000
N1 = = =

= 0.04 =0.2.
ol Qy 2000

The income elasticity for good X is 0.2, which means
that a 1% increase in iIncome cause demand for Good
X to increase by 0.2%.

Since n;y Is positive, Good X Is normal.



4. Advertising Elasticity of Demand (n,)

The advertising elasticity of demand, n,, measures the sensitivity of
demand to change 1n the sellers’ advertising expenditure.

By definition, 1, Is defined to be the percent change in quantity
demanded of good X (Q) divided to the percent change in advertising
expenditure (A).
_ %AQx (20)
A= "o0nA
The midpoint advertising elasticity of demand, given Qx, Q%, A, A2,

AQx
C(QE+Q%/2  (Qx—Q)) (A'+A?)
M="""AA T @AZ-AD QI+ Q) (21)
(AT + A2)/2

The point advertising elasticity of demand, Q, = f(Py, A).

_ %AQx  9Qx A
A= "9AA ~ 0A Qy’

(22)
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Example 14:
Advertising Elasticity of Demand

Given: Q, =500 - 0.5P, + 0.011 + 0.02A
and advertising-to-sales ratio (A/Qy) = 2.

Calculate advertising elasticity of demand.

_0Qx A .
Ny = oA On 0.02(2) = 0.04.

« The advertising elasticity for good X is 0.04, which means that
a 1% increase in advertising expenditure will increase the
demand for good X by 0.04%.
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Recap
« Market demand function
* Elasticities: ny, Nyy: Ny, aNd N,
= Midpoint and point elasticities
* The own-price elasticity:
= Linear demand function

= Power demand function
= The relationship between TR, MR, and n.

" 1y and optimal pricing policy

MC:P{HLJ . Px=
7% [1+—



Extra Questions

1. Suppose the market demand curve for pizza can be expressed as

Qp = 100 - 2P + 3Pb, where Q Is the quantity of pizza demanded, P is the
price of pizza, and Pb is the price of a burrito. What is the relationship
between burritos and pizza, from the point of view of consumers?

A.

moow

They are independent.

They are complements.

They are substitutes.

They are inferior goods.

Not enough information to answer the question.

Answer: C



2. When the price of bananas is 50 cents a pound, the total
demand is 100 pounds. If the price increases to 60 cents, the total
demand drops to 60 pounds. What is the price elasticity of
demand?

Answer: -2.75



3. When the price of bananas increases from 50 cents to 60 cents,
the total demand drops 50%. What is the price elasticity of
demand?

Answer: -2.75



4. A fall in the price of X from $12 to $8 causes an increase in the
quantity of Y demanded from 900 to 1100 units. What is the
cross-price elasticity of demand?

Answer: nyx =-0.5



5. If the demand for coffee i1s Q = 25000 — 0.5P, where Q is the
number of tons produced and P is the price per ton, total revenue
IS maximized when the output level (Q*) is

Answer: Q* = 12500 tons.



6. The demand for tickets to a concert is given by

Q = 1000P-1°12 where P is the price of a ticket. Assume that per
capita income, I, is $2000. At a price, P, of $70 the price elasticity
of demand is

Answer: n =-1.5.



7. Demand for Post Malone CDs is equal to Qy = Py I11°Pg

where Q,, Is the quantity of Post Malone CDs, P,, Is the price of a
Malone CD, I is per capital income, and P is the price of a Billie
Eilish CD.

a. Calculate the cross-price elasticity (nyg)-
b. What is the relationship between Malone and Eilish CDs?

Answer: a) nye = 4 b) substitutes



